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ABSTRACT. Here, we study the structure of points in a holomorphic Grass-
mann’s submanifold where the holomorphic sectional curvature assumes its mini-
mum and maximum. For spaces of nonnegative holomorphic sectional curvature
we study the set of points on which it assumes the value zero. We show that
the minimum and maximum sets of holomorphic sectional curvature are the in-
tersections of a holomorphic Grassmann’s submanifold with linear complex ho-
lomorphic subspaces of type (1, 1).

Thorpe, [4], completely describes the structure of the sets of points in the
Grassmann manifold of tangent 2-planes at a point where the riemannian sectional
curvature assumes its minimum and maximum. In particular, for spaces of non-
negative curvature he describes the set of points in the Grassmann manifold where
the riemannian sectional curvature assumes the value zero.

The holomorphic sectional curvatures are invariants of the Hermitian struc-
ture weaker than the riemannian sectional curvature. The study of these invariants
is very interesting as can be seen by the abundant bibliography on this subject.

If M is an almost Kaehler manifold with almost complex structure J and m
€ M, then both the set of holomorphic 2-planes at m (planes invariant under J)
and the set of antiholomorphic 2-planes at m (planes P such that v € P implies
Ju 1 P) are intersections with the Grassmann manifold of linear subspaces of
A%(V) where V = T,,M is the tangent space of M at m. Indeed, the automorph-
ism J of V induces a curvature operator, also denoted by J, on ¥ by J(u Av) =
Ju A Jv (u, v € V) and one checks that the sectional curvature of J assumes its
maximum value 1 on holomorphic 2-planes and its minimum value O on anti-
holomorphic 2-planes [4].

In this article, proceeding in the same way as Thorpe, [4], for the real
case, we describe the structure of the sets of points in a holomorphic Grassmann’s
submanifold
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140 A. M. NAVEIRA AND C. FUERTES

G={a€ A" (¥)g(e, @) = 1, @ + @ = 0, & decomposable},

where the holomorphic sectional curvature assumes its minimum and maximum.
Similarly to the real case, for spaces of nonnegative holomorphic curvature we
describe the set of points where the holomorphic sectional curvature assumes the
value zero and we show that the minimum and maximum sets of holomorphic
sectional curvature are intersections with G of linear complex subspaces of Al*1.
We have omitted proofs of several steps where the obvious generalization to com-
plex cases of Thorpe’s proof is valid.

1. Decomposition of the space of complex curvature operators. Let V be
(the tangent space of a Kaehler manifold) a 2n-dimensional real vector space with
a complex structure J and a Hermitian inner product g. Then g can be extended
uniquely to a complex symmetric bilinear form, denoted also by g, of V€ = ¥
®g C = V"% @ V0! and it satisfies the following conditions:

(1) g, v) = g(u, v) for u, v € VC,

(2) &(u, u) > 0 for all nonzero u € V<,

(3) g(u, v) =0 for all u € V% and v € V01,

We denote by AP*7¥C the subspace of AVC spanned by a A B, where & €
APV'0 and B € A7V}, For r an integer = 0, let A"(VC) = Zptq=r AP9YC
denote the space of complex r-vectors of ¥C equipped with a complex symmetric
bilinear form given by

guy N Nuyop Ao v,) = det{g(y;, vi)}, u, v € ve.
Let G denote the Grassmann’s submanifold of holomorphic planes
G={a€A " a=utvucV' P eV’ ga,a)=1,a+a=0}

Although the Grassmann submanifold of holomorphic (invariant under J)
planes is usually regarded as a collection of subspaces of V, it will be useful for
our purposes to define it as a collection G of subspaces of ¥C which are in bi-
jective correspondence with the elements of the usual Grassmann holomorphic
submanifold.

Let R denote the space of selfadjoint linear operators on A!*!, equipped
with a complex symmetric bilinear form:

gR,S)=TrR°S =;g(R °S(e; Nep), er Aep,
’]
where {e;,...,e,, €1, . . . , &5} is a complex basis of ¥C such that g(e,, e) =

*¥n
8i]°
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LEMMA 1. The form g: R x R —> C is nondegenerate.
Proor. IfRER,
&R, R) =§g(R(e,- A &), Rier A e))

=2 T2 2R(e; Aep), ez A eglsRier A e, e5 M)
i,j a,p 7,6
'g(ea A €g> €y A eg)
=X lg(R(e; A e}—), eg A\ eﬁ)l2 =0
ij a,p
<= g(R(e; A e), ez Neg) =0 foralli,j,af

< R(e; /\ei—)=ZBg(R(ei/\ er), ez Negle, Neg =0 foralli,j
a’

<> R=0.

We can consider the subspace B of R consisting of those R € R which
satisfy: R € B if and only if

ERw Av),w Ax)—gRWw Av),u Ax)=0,

forallu, w € V10, y, x € P01, Set S = B* the complement of B in R (i.e.:
gR,S)=0foralRE B, SES).

Given R € R, its holomorphic sectional curvature is the real function given
by

og(@)=-gRa, ), a=uAlu.

We construct, for each ¢ € A%:2, an operator S € S as follows. Given £,
define §,: A1 — Al by
&S, p)=gl@ A B, §), o BEA.
Obviously, S; € R. To see that S, € S we need the following

LEMMA 2. Let {ey,...,€,, ey, ... ,e;} be a basis for VC such that
gle, e) =8y Forl<i<k<nm1<j<I<n, set Sz =Se; nej Nek NeT
Then for R € R,

ER, Si7) = 2{gR(er A e), er A ey) —2R(e; A e;),er A e)}.
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Proor.
SR, Spur) =Tr R Sjppr = Zg 8R °Siryrleq A eg)s ez Nep)
Q,
-ZB; 8R(ez A eg), e5 N eg)g(Siir(e, A eg), e, A e5)
_2;3;5 8R(ez Neg), e5 Neglglea Neg Ney A e5 e, ¢; Ner NeAep)

= 2{8(R(e;' A e). ef Ney) —g(R(eI.— Aep), er A e)}.

PROPOSITION 1. £ — S, maps A**? isomorphically onto S. Moreover

g, £) = %g(S,, Sp).

Proor. Clearly ¢ — SE is a linear map from A%? into R. Since
{e; Neg Ney A ep/l <i<k<n,1<j<I<n}isabasis for A2, and the
images Sz, of the basis vectors are all in S (g(R, S;7,7) = 0 for all R € B)
it follows that § — S, maps A%? into S. In fact, Lemma 2 implies that, given
RER REBifand onlylfg(R Sixr) =0 for all i, j, k, I; i.e. the S;; 1 span
S and £ — S, maps onto S.

If we take in the Lemma 2 R =S, 5,5, we have

8Sapy5 Siut) = 4868001501y

forala<vy,$<6,i<kandj<l
We suppose that S,z.5 =S;r with 1 <a<y<n 1<f<8<nand
<i<k<n 1<j<I<n. Butg(Syz,5 Sgasy) =4 = &> Spasy)
thus 8;880 k015 = 1 and § — S, is injective.
The fact that g(¢, §) = %g(SE, S¢) follows from
g(ei A e A e A er,¢; A er Ne A e;) =1= %g(S,.j-k,—,Sﬁ—,;).

REMARK 1. Using the natural isomorphism between A%°? and its dual,
the space of alternating (2,2)-forms on V<, given by the form g we can identify
S with the space of (2,2)-forms.

PROPOSITION 2. Let @ € A'*). Then « is decomposable if and only if
g(Sa, @) =0 forall S € S.

Proor. The necessity of the condition is clear since each S € S is of the
form S, for some £ € A>? and g(S;a, @) = gla A @, §) = 0 for a decomposable.
Conversely, let {e;,...,€,, ef,..., e;} be a basis of V€ such that gle;, e) =
§;jandlet a € ALY, a =3, ei/\e—thenfor1<1<k<n,l<]<l<
n, we have:

ij 1]
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g(S,-i—k,—a, a) = 20’;:"“1% - a,,.—ai;) =0,

but a;a;3 — a;ra;; = 0 if and only if & is decomposable.

REMARK 2. It is clear from Proposition 2, that each curvature tensor § € S
has holomorphic sectional curvature og identically zero. Conversely, it is easily
checked that this property characterizes S.

For a subset Z of G, let

A(Z)={S€ S/S(P)=0 for all P € Z}.
Thus A(Z) is the subspace of S consisting of all elements of § which annihilate
Z. For a finite subset Z = {P,, ..., P,} of G, we shall denote A({P,,...,P,})
simply by A(Py, ..., P;). By A(Z)* with Z C G we shall mean the complement
of A(Z) in 8, (i.e. £(S, S) = 0 for all S € A(2), S’ € A(2)*).

PROPOSITION 3 [4]. Let R € R and Z C G, and suppose there exists S €
S such that Z C Ker (R —S). Then there exists a unique S, € A(Z)* such that
Z CKer(R - S,). Moreover, given any S € S,Z C Ker (R - S) if and only if the
projection of S onto A(Z)* is S,,.

REMARK 3. Note that f RE R, S € S and P € G N Ker (R —S) then
0x(P) = —g(RP, P) = — g(SP, P) = o5(P) = 0.

In particular, setting Z(R) = {P € G/o,(P) = 0} we see that if, for some
S € S, the subspace Ker (R — S) has nonnull intersection with G, then the set
Z(R) of zeroes of oy is at least big enough to contain this intersection.

PRrROPOSITION 4 [4]. Let R € R, and suppose there exists S € S such that
Z(R) =G NKer(R —S). Then there exists a unique Sy, € A(Z(R))* such that
Z(R) =G N Ker(R = S).

2. A basis for the normal space to G in A1,

LEMMA 3. Let PE€G, and let{e,,. .., e,, e7,. . .,€;} be a basis for

VC such that gle;, ey) = 8. Then
{PIV {S,.j-k,—(P)/l <i<k<n 1<j<I<n}
spans the normal space to G C A'*! at P. If the basis is chosen so that P =
e, N\ eg then{P} U {S,1,7(P)/1 <k, 1 < n} is a basis for this normal space
which verifies
g(P:F)=1a g(P,SlTkT(P))=O

and

if kD= q),

S-_PaS—— =
&S, 1,7 (P): S1154P) 0 ifk, D+ (@ q)-



144 A. M. NAVEIRA AND C. FUERTES

Proor. By Proposition 2,

G ={a€ A" gla,d) = 1, 8(S;747(0), @) = O,
and a + @ =Oforall i<k, j< I}.

Since the functions @ — g(a, &) and & — g(S;7;7(a), &) are constant on G,
their gradients 2P and 2S;7,7(P) at P € G must be normal to G at P. To see
that they span the normal space N, of G at P, consider first the case where P =
e, A eg. Then, fori<k, j<l,

Sir(®) = g—ek Aer forki=1,
0 fori, j# 1.
Moreover,
if k) =@, q),
if (k, D) # (@, 9).

In this case, {P} U {S,1,7(P)/1 <k, I < n} is a linearly independent subset in
N,. The number 1 + (n - 1)? of elements in this set is equal to the complex
codimension n? = 2(n — 1) of G in A!*! which in turn is equal to the dimension
of N,. Hence {P} U {S,1,7(P)/1 <k, I <n} is a basis for NV,,.

In the general case, let {e;, ..., e,, e7,...,e;} be an arbitrary basis for
V€ such that g(e,, er) =38;; and let {e},....e, €1, . cos e;} be one such that
P=e) Aef. Let {Simr/1 <i<k<n,1<j<I<n}and {Sj;7} be the
corresponding bases for S. Then, from above, we know that {P}U {S1,7(P)/1
<k, I <n}spans N,. But each Sy 7xr is a linear combination of the Sixr and,
hence each S 1,7 (P) is a linear combination of the Sz, r(P). Thus {P} U

{Sr@®N <i<k<n,1<j<I<n}spansN,.

PROPOSITION 5. Let R € R and suppose P € G is a critical zero of og.
Then there exists S € S such that P € Ker (R - S).

B 1
gP,P)=1 and g(Slfkr(P),S;,,—,q(P))=;0

ProoF. Let{e,,...,e,, e7,...,e;} be a basis for V€ such that
gle; er) = 8;;and P=e; A ey. Since P is a critical point of 0g, and o is the
restriction to G of the function & - g(R(), a), the gradient 2R(P) of this
function at P must be normal to G at P. By Lemma 3, this implies that

RP=\P + Z Mer Sy 1 (P)s
1<k,l

for some A, u,; € C. But A = —g(RP, P) = 0x(P) = 0,s0 P EKer(R - S)

where S = 2, ;| 1S Ter
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COROLLARY 1. Let R € R and suppose P € G is a critical zero of og.
Then there exists a unique S € A(Z)* such that P € Ker (R - S).

REMARK 4. The operator S constructed in the proof of Proposition 5 is
in fact the unique S € A(P)* such that P € Ker (R — S). Indeed, by Lemma 2,
together with the fact that each S’ € S is an S, for some alternating (2, 2)-form
w on V, we have

g(S', Slfkl—) = 4g(S'(el /\ eT)’ ek A e,—),

and this is zero for all S" € A(P); thus S, 1,7 € A(P)* for all 1 <k, I<n.

Note also that, since {5, Tkz'/ 1 <k, I < n} is linearly independent, the
numbers ;5 above are uniquely determined by the components of R relative
to the basis (e, €7):

mr=8 < > Mpatp A eg>ex A e,)
1<p.q

= —g( > “pq_SlTpE(el A ep), ez A e,)
q

1<p,
=—gR(e, A e7), ez A ¢)).

3. The main results.

PROPOSITION 6. Let dimg V€ = 4, and suppose R € R is such that op >
0 and Z(R) # 0. Then there exists a unique S € S such that ZR) = G N
Ker (R - S).

For the proof we proceed in the same way as the real case, where { *}=
{S,5235 1, €ECand I = (P, +P,, P, +P,)%.

COROLLARY 2. Let dimg ¥C = 4 and R € R, and \ denote the minimum
(or maximum) value of op. Then there exists a unique S € S such that

{PEG/og(P) =2} =G NKer(R— AN -9),

where I is defined by: I(P) = P for all P € AL,

Proor. Follows immediately from Proposition 6 replacing R in the
proposition by R —AJ (or, in the case where X is the maximum of o5, by
A —R).

LEMMA 4. Let R € R be such that o = 0, and suppose P, Q € Z(R).
Then there exists S € S such that {P, 0} C Ker (R - S).

PrROOF. Choose a basis {e;, ... ,e,, €1, .. .,es} for V€ such that
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&(e;, e7) = 8,5 and P = e; A ey and Q is contained in the span of {ey, e,, ey,
ez},s0 that Q = %, ., q;7 €; A\ e for some q;7 € C. Since Q is a critical point
(a minimum) of 05, RQ =% (grad 0g)(Q) is normal to G at Q, so by Lemma 3,

) RQ= 2 vpiSir(@:
i<k,j<l
for some v;7, - € C (the component of RQ in the direction of Q is zero since
&RQ, Q) = —0,(Q) = 0). Note that the v, are not uniquely determined,
since the Si;"kT(Q) are not linearly independent.
Similarly,

) RP= X Uy 1rS11ar P
1<k,

where now the u, 7,7 are uniquely determined, since the S, 1,7 verifies
&S 1 7.7 (P ST154P)) = 815014

Moreover, by Remark 4, S, = Z u, 7,757, is the unique operator in A(P)*
such that P € Ker(R — S,). Thus, by Proposition 3, it suffices to construct an
S, € S such that Q € Ker (R - §,) and such that the projection of S, onto
A(P*is §,. But

4 if(,8,7,8)=(, k) fori<k, j<l,
&S Szgys) = a<yand §<8,
0 if(e,8,7,8)#GJ K D.

8,747 € A@)* for 1 <k, I<nand Sz, € A(P) for i, j # 1. So the projec-
tion into A(P)* of Z; < j< Vi Sipar 18 just Zy g 1 V1 TarS1Tar- Thus we
must show that we can choose »;7, € C such that
RQ= 2 VrgSyw and Piqg =ypg for 1<kl
i<k,j<i
The remainder of the proof is parallel to that of Lemma 5.1 of [4] using
the fact that the v, are not uniquely determined.

LEMMA 5 [4]. Let Z C G. Then there exists a finite subset {Py,...,P;}
of Z such that if R € R and P; € Ker (R) for all i <k, then Z C Ker(R).

LEMMA 6. Let X be a complex vector space with a nondegenerate com-
plex symmetric bilinear form, and X1 < i < k) subspaces of X such that
X=3% | X, Letl; X — X, and l;: X — X, N X; (1<i,j < k) denote
orthogonal projections, and x; € X;(1 <i < k) be such that Wyx; = ,x; for
all i #j. Then there exists a unique x € X such that x = x; for all i.
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Proor. By induction on k.

PROPOSITION 7. Let R € R be such that o = 0. Then there exists S €
S such that Z(R) = G N Ker (R - S).

The proof is similar to that of Theorem 5.4 of [4].

COROLLARY 3. Let R € R and let \ denote the minimum (or maximum)
value of og. Then there exists S € S such that

{PEG/og(P)=2} =G NKer(R—-AI-S5).

ProoF. Immediate from Proposition 7 upon replacing R by R — A1 (or,
in the maximum case, by AI — R).
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